This article studies how to form CUR decompositions of low-rank matrices via primarily random sampling, though deterministic methods due to previous works are illustrated as well. The primary problem is to determine when a column submatrix of a rank k matrix also has rank k. For random column sampling schemes, there is typically a tradeoff between the number of columns needed to be chosen and the complexity of determining the sampling probabilities. We discuss several sampling methods and their complexities as well as stability of the method under perturbations of both the probabilities and the underlying matrix. As an application, we give a high probability guarantee of the exact solution of the Subspace Clustering Problem via CUR decompositions when columns are sampled according to their Euclidean lengths.
INTRODUCTION
Low-rank matrices have taken on an important role in recent years both in theory and in applications as it has been observed that data matrices arising in diverse applications are very well-approximated by low-rank matrices [30] . Furthermore, matrix factorization methods based on low-rank structure have been used to great effect to solve linear systems, ceompress data, speed up computations, and elucidate structure of matrices. In fact, matrix factorizations appear twice in the list of top ten algorithms of the twentieth century [9] . As theory and application of Machine Learning advances at an exponential rate, explorations of low-rank methods do as well on account of their success and fundamental importance.
When designing a low-rank approximation method for practice, there are several factors that one may consider, including storage cost, computational complexity, and interpretability. The latter is the subject of [23] , in which the authors propose the use of the CUR decomposition for matrices as a way to perform dimensionality reduction on a given set of data while maintaining interpretability of the results. That is, using the Singular Value Decomposition (SVD) as is done in Principal Component Analysis (PCA) can lead to a representation of the data in terms of an abstract basis, and hence the resulting representation may lose interpretability (e.g., what is an eigenpatient in a medical trial). These methods are useful in many tasks including prominent clustering algorithms like Spectral Clustering, but are not always suitable for this reason. An alternative is to try to use the self-expressive property exhibited by many datasets and attempt to use actual columns of the data as a dictionary in which to represent it. This task, called column selection, may be thought of as in-data feature selection which attempts to find the most representative data points to capture the salient features of the data. Of course one may perform row selection as well, in which case an approximation of the form A ≈ CU R can be made in which the matrices C and R are column and row submatrices of A itself; approximations of this form are called CUR approximations (U is chosen in various ways which will be discussed in the sequel).
There are both deterministic and random methods for forming CUR approximations, each of which have advantages and drawbacks. For large matrices, random sampling is typically less computationally expensive, but requires that more columns and rows be selected to guarantee good performance. On the other hand, better theoretical guarantees may be given for certain deterministic column selection procedures. Many works on column and row selection use CUR approximations as a fast way to approximate the truncated SVD, e.g., [4, 10, 11, 12] . However, some of the proposed algorithms in the literature perform well asymptotically, but do not guarantee recovery of actual low-rank matrices (for instance, that of [10] ). In this article, we consider two main items: first, when do deterministic or random sampling procedures give rise to exact CUR decompositions for low-rank matrices (i.e., A = CU R), and second, are such methods stable under perturbations of either the underlying matrix or the sampling probabilities in the random case. As a sample application of our analysis, we illustrate how one can use our sampling guarantees to solve the Subspace Clustering Problem via some known matrix factorization methods.
MAIN RESULTS
We consider the problem of how to select columns and rows to obtain an exact CUR decomposition of a low rank matrix, and prove that this procedure is stable under small perturbations. Note that if C and R are column and row submatrices of A which has lowrank, and U is the matrix formed from entries where C and R overlap -i.e., if C = A(:, J ) and R = A(I , :) then U := A(I , J ) -then the classical statement of the CUR decomposition is that A = CU † R if and only if rank (U ) = rank (A). This exact decomposition goes back at least as far as the 1950s [24] in the case that U is square and invertible (this case also follows from rank additivity for Schur decompositions [17] ); for a history, the reader is invited to consult [19] , but the main theorem therein which characterizes this exact decomposition is restated in Section 3. Our initial sampling result is obtained from some established results of Rudelson and Vershynin [27] . Here we state simplified versions of the results to indicate their flavor to the reader, and reference the full statement that appears later.
Theorem A (Theorem 4.2). If A has rank k, then sampling O(k log k) columns and rows of A independently with replacement according to column and row lengths, respectively, implies that A = CU † R with high probability.
Our method of proving Theorem A allows for low sampling complexity (note that at least k rows and columns must be sampled to achieve a valid CUR decomposition, so we incur only an extra log k factor) and also allows columns and rows to be sampled independently of each other. Moreover, our proof technique allows us to demonstrate stability of this sampling method in the following sense. Theorem B (Theorem 5.1). If A has rank k, and p i , q i are probability distributions determined by the column and row lengths of A, respectively, then for any probability distributions which satisfy p i ≥ α i p i , q i ≥ β i q i for some α i , β i > 0, sampling O(k log k) columns and rows of A independently with replacement according to p and q, respectively, implies that A = CU † R with high probability.
As a corollary, we find that uniform sampling of rows and columns yields an exact CUR decomposition with high probability; this result is new: the only previous results for uniform sampling were given by Chiu and Demanet under coherence assumptions on the columns of A [6] . Additionally, we may combine Theorems A and B: suppose that A = A+E where A has rank k, and we sample columns and rows of A to form C , R, and U . These may be written as C = C + E (:, J ), for instance, where C , R, and U are the corresponding column, row, and intersection submatrices of the low rank matrix A. It is natural to ask what the likelihood is that sampling from the noisy version of A yields a CUR decomposition of A itself.
Corollary A (Corollary 5.4). Suppose that A = A + E , with A having rank k. Suppose also that no column or row of A is zero when the corresponding column or row of A is nonzero. Then sampling O(k log k) columns and rows of A uniformly with replacement yields C
Something more general than Corollary A may be said: indeed if the noise is small compared to the matrix A, then sampling A according to its row and column lengths yields the same conclusion that A = CU † R above. This allows one to conclude that the error of A − C U † R is on the order of E via the perturbation results of [20] .
We also consider stability of sampling in terms of leverage scores instead of column and row lengths as in Theorem B. It was already known that sampling O(k log k) columns and rows via Leverage Score probabilities yields a valid CUR decomposition with high probability [23] , but we show that this is also stable as follows.
Theorem C (Corollary 6.2). If A has rank k, and p i , q i are the Leverage Score probability distributions over the columns and rows of A, respectively, then for any probability distributions which satisfy p i ≥ αp i , q i ≥ αq i for some α > 0, sampling O(k log k) columns and rows independently with replacement according to probabilities p and q implies that A = CU † R with high probability.
With stability results according to the sampling schemes, we can prove a guarantee for solving the Subspace Clustering problem via randomized sampling; see Corollary 7.2.
2.1. Prior Works. The analogue of Theorem A was proven for Leverage Score sampling [23] (see Section 4.2 for the definition), but these are expensive to compute exactly as it requires computing the truncated SVD of A, and moreover the sampling complexity there is higher order in k. Uniform sampling guarantees under incoherence assumptions on the columns of a matrix were given by Chiu and Demanet [6] for CUR approximations. Most of the CUR approximation literature considers the case when A has full rank and one forms an approximation A ≈ CU R where U can take a variety of forms. Typical estimates are in terms of the truncated SVD of A, i.e., of the additive error form: sampling O( f (k, ε)) columns and rows to yield A − CU R ≤ σ k+1 (A) + O(ε) A , or relative error form: sampling O(g (k, ε)) columns and rows to yield A −CU R ≤ (1+O(ε))σ k+1 (A), where typically f and g are polynomial in k and ε −1 and logarithms of these factors. An incomplete but representative list of papers in this vein are [10, 12, 23] . Finally, the case when A is square and symmetric positive semidefinite falls under the purview of the Nyström method, and finds abundant applications in Machine Learning due to the use of kernel matrices there. Some references in this line are [11, 14, 15, 25] , but we note that there are significant differences in CUR approximations compared to Nyström ones (see [20, Section 4] ).
2.2.
Layout. The rest of the paper proceeds as follows: Section 3 contains the relevant notation and a characterization theorem for CUR decompositions which motivates some of the algorithmic aspects of the sequel; Section 4 discusses deterministic and random column and row selection methods, and contains the precise statement of Theorem A. Section 5 contains precise statements of our stability results in Theorem B and Corollary A, and Section 6 contains the precise statement of Theorem C. The tie-in to Subspace Clustering is in Section 7, and a summary of the different results and complexities along with a discussion of benefits and drawbacks of each is contained in Section 8, while the remainder of the sections contain the proofs of the main results.
BACKGROUND
3.1. Notations. We will use K to represent either the real or complex field. Any matrix A ∈ K m×n has a Singular Value Decomposition of the form A = W ΣV * , where W and V are orthogonal matrices, and Σ has entries only along its diagonal (the eigenvalues of A * A or equivalently of A A * ) which are the singular values of A, and which are assumed to be in decreasing order and are denoted by σ max = σ 1 ≥ σ 2 ≥ · · · ≥ σ min = σ rank (A) > 0 (the rest of the singular values, if any, are 0, but we will be concerned primarily with rectangular matrices and so will consider σ min to be the minimal nonzero singular value of A). If the underlying matrix must be specified, we write σ i (A). For a given matrix, κ(A) will denote its generalized spectral condition number (e.g., [8] ), i.e.,
The symbol [n] denotes the set {1, . . . , n} for n ∈ N. Given I ⊂ [m], A(I , :) represents the row submatrix of A according to the set I (i.e., A(I , :) ∈ K |I |×n ). The column submatrix A(:, J ) ∈ K m×|J | is defined similarly for J ⊂ [n], and A(I , J ) is the overlap of these two.
We use a b to mean that a ≥ cb for some universal constant c > 0.
Characterization of CUR decompositions.
For the reader's convenience, we recall the following characterization of CUR decompositions of low-rank matrices given in [19] . 
Moreover, if any of the equivalent conditions above hold, then U
An important note for the sequel is that Theorem 3.1 holds even when I and J are allowed to be subsets of indices with repetitions allowed, and thus, e.g., C may contain repeated columns of A. Additionally, the equivalence (i)⇔(v) allows for algorithms which choose columns and rows in parallel rather than sequentially which still allow one to show that an exact CUR decomposition of the form (ii) or equivalently (iii) is obtained.
COLUMN AND ROW SAMPLING FOR CUR DECOMPOSITIONS
Here, we tackle the problem of determining how to select columns and rows such that an exact CUR decomposition of a pure low-rank matrix A may be obtained. The methods considered here break down into two categories: deterministic and random sampling. Typically randomized methods require one to oversample columns and rows to ensure an exact decomposition and so might naturally not always preferred; however, their complexity may be less than the deterministic algorithms and so may be more suitable for truly large-scale matrices. We proceed by highlighting several procedures in each category, and end the section by comparing their overall complexities.
Deterministic Sampling.
There are several deterministic methods for column subset selection; for example, the QR decomposition based algorithm of Voronin and Martinsson [32] and the Discrete Empirical Interpolation Method (DEIM) of Sorensen and Embree [5, 28] . In this section, we will present DEIM for choosing column and row submatrices of A which guarantees an exact CUR decomposition for a low-rank matrix.
The DEIM algorithm chooses k columns from A ∈ K m×n by viewing the columns of
where v i is the right singular vector of A corresponding to the i -th largest singular value of A. The algorithm starts from the leading singular vector v 1 , and the first index p 1 corresponds to the largest magnitude entry in v 1 , i.e.,|v 1 (p 1 )| = v 1 ∞ . With I n being the n × n identity, set p 1 = [p 1 ], P 1 = I n (:, p 1 ), V 1 = [v 1 ], and define the projection operator
After iterations in the DEIM algorithm, we have indices p which satisfy the property When randomly sampling columns, one might either do so via a Bernoulli random trial at each column, or alternatively might sample columns with or without replacement according to a given probability distribution over the indices. Here, we focus on the latter setting and show that in most cases, mildly oversampling columns yields a valid CUR decomposition with high probability. In particular, while one evidently must sample at least k columns, we show that often sampling O(k log k) columns is effective. Three primary sampling distributions are considered based on previous work -uniform [6] , column lengths [10, 21] , and leverage scores [12] . They are defined thusly:
The distributions for the rows are defined analogously, with V k being replaced by W k (the left singular vectors) in the case of leverage scores; for notational purposes we denote these q unif i , q row i , and q lev,k i for i ∈ [m]. Note that for leverage scores, k does not have to be the rank of A in general, but the parameter k determines how much the right singular vectors are truncated.
Uniform sampling is the easiest and cheapest to implement, but it can fail to provide good results, especially given a sparse input matrix, for example. On the other hand, leverage scores typically achieve the best performance because they capture the eigenspace structure of the matrix, but this comes at the cost of a higher computational load to compute the distribution as it requires computing the truncated SVD of the initial matrix. Column/row length sampling typically lies between both of the others in terms of performance as well as computational complexity.
In the algorithms which sample in this manner, the number of rows and columns chosen is fixed and deterministic, but when Bernoulli trials are used one only knows the expected number which will be selected.
Here we must introduce the concept of the stable rank [29] , also called numerical rank [27] , of A, defined by
Evidently, st.rank(A) ≤ rank (A).
One of the primary reasons for considering the stable rank of a matrix is that it is stable under small perturbations (whereas the rank is certainly not). In particular, if A = A + E , then applications of the triangle inequality produce
We see that if E F / A F and E 2 / A 2 are small, then the stable ranks of A and A are close, implying the claim.
The following theorem shows that one may sample essentially r log r columns and rows of a matrix (with r = st.rank(A)) to obtain an exact CUR decomposition with high probability. Moreover, the conclusion of the theorem also holds if we take I 0 and J 0 to be the indices of I and J above without repeated entries.
The proof of Theorem 4.2 is provided in Section 9. It should be noted that Theorem 4.2 utilizes the equivalent condition (v) of Theorem 3.1 which allows for a somewhat faster algorithm to sample columns and rows. Indeed, since we may check the ranks of C and R separately, we are able to choose columns and rows independently of each other and still guarantee an exact factorization. One could lessen the sampling complexity of columns by first choosing rows and then choosing columns according to the stable rank of the row matrix R; however, this would require sequential sampling and would take more time.
Also note that the sampling complexity in Theorem 4.2 ostensibly depends on the stable rank of A, which is a reduction from most sampling methods for CUR approximations. However, our assumption on ε implies that r ε 4 ≥ k, in which case our sampling complexity is at least k δ log k δ . Most results in the CUR approximation literature involving our choice of U † (e.g., [10] ) require sampling k ε α δ log( k ε α δ ) rows and columns for some α where the ε is the same as ours. Thus our sampling bound could not be derived from the existing ones without being of higher order. There are more complicated choices for the matrix U in CUR which yield lower sampling complexity; for example Boutsidis and Woodruff [4] provide guarantees for sampling O(k/ε) columns and rows, but their CUR approximation is much more complicated than ours. Remark 5.2 contains further discussion of our sampling orders. 5. STABILITY OF COLUMN/ROW SAMPLING 5.1. Randomized Sampling. While Theorem 4.2 is somewhat readily obtained from a previous analysis of Rudelson and Vershynin [27] , we extend their proof to illustrate that sampling with replacement is stable under perturbations of the probabilities, and moreover our analysis gives quantitative measures of said stability. This brings us to our main stability theorem about exact CUR decompositions whose proof may be found in Section 10. Moreover, the conclusion of the theorem also holds if we take I 0 and J 0 to be the indices of I and J above without repeated entries.
Remark 5.2. Note that the assumptions on ε and δ imply certain relations, e.g.,
and if we additionally assume that ε = Θ(κ(A) −1 ), then
Remark 5.3. Note that this sampling complexity of essentially k log k for both columns and rows is better than previous results which required first row sampling of order k 2 log k and then column sampling of order |R| 2 log |R| with |R| being the number of rows selected (e.g., [10] ). The observation of Theorem 3.1(v) allows sampling to be done independently and thus achieve lower complexity.
5.2.
Corollaries. Theorem 5.1 admits many extensions. First, we illustrate its conclusion for uniform and leverage score sampling. The following essentially states that uniformly sampling rows and columns of A still yields A = CU † R with high probability in a certain sense; this is the first result of this kind that does not use any additional assumptions about the matrix A such as coherency (e.g. [6] ).
Corollary 5.4. Let A ∈ K m×n have stable rank r and rank k. Let α := 1 m min{ A F A(i ,:) 2 : A(i , : ) = 0} and β := 1 n min{ A F A(:, j ) 2 : A(:, j ) = 0}, with γ := min{α, β}. Let δ ∈ (0, 1) be given, and let 0 < ε < min{κ(A) −1 , δ − 1 4 2γ}. Then sampling d 1 , d 2 r ε 4 δ log r ε 4 δ columns and rows of A uniformly with replacement yields C ,U , and R such that with probability at least
Proof. With the definitions of α, β, we have that
The analogous statement holds for p j = p unif j = 1 n , whereby an appeal to Theorem 5.1 yields the desired conclusion.
Remark 5.5.
It should be noted that the statement of Corollary 5.4 can be generalized somewhat. We will not write the full statement, but suppose p j ≥ ε 2 0 > 0 and q i ≥ ε 2 1 > 0, then defining α := ε 2 1 min{ A F A(i ,:) 2 : A(i , :) = 0} and β analogously using ε 0 and the column norms. With these definitions in hand, the rest of the conclusion of Corollary 5.4 holds for these parameters α and β.
Remark 5.6. Embedded in the parameters of Corollary 5.4 is an indication of the tradeoff between the sparsity of rows and columns of A and the required sampling order, which one would expect to have in order to guarantee success of uniform sampling. Indeed, consider the extreme case when A consists of a single nonzero entry. In this case, α = 1 m , and the requirement on ε is such that approximately m rows need to be sampled to guarantee that the single meaningful one is selected, which is the correct sampling order given that the rows are chosen uniformly at random.
The following shows the exact decomposition in the case of leverage score sampling. Proof. Let j ∈ [n] be fixed but arbitrary, and let A = W ΣV * be the full SVD of A and A = W k Σ k V * k be its compact SVD. By unitary invariance, we have A(:, j ) 2 2 = W ΣV * (:, j ) 2 2 = ΣV * (:, j ) 2 2 . By the block structure of Σ, the latter quantity is Σ k V * k (:, j ) 2
The proof is complete upon dividing by A 2 F and recalling that p lev,k j = 1 k V * k (:, j ) 2 2 and the definition of stable rank. The statement and proof for the row leverage scores are identical. . Then via the same calculation as was done for the stable rank of A compared with that of A, we have
In the event that a row or column of A is identically 0, then we set α j or β i to be 1 by convention. Note that to apply Theorem 5.1, we must require that no column or row of A can be 0 when the corresponding column or row of A is nonzero. Otherwise, there would be some i or j for which β i = 0 or α j = 0, whereby the result would not apply. Now we can conclude that sampling columns and rows of A according to column and row lengths can ensure that the underlying CUR decomposition is valid for A as long as ε, δ are small enough and the obstacle mentioned above is not present. As a practical note on using this corollary, one could try to estimate the signal-to-noise ratio to obtain an estimate for the values α j and β i in the above expressions. This would then give an indication of how to choose ε, δ.
Corollary 5.9. Let A = A + E with A having rank k and stable rank r , and suppose that no row or column of A is 0 unless the corresponding row or column of A is 0. Let q row
Remark 5.10. One application of Corollary 5.9 is to perturbation bounds given in [20] . Therein, it was shown that A− C U † R ≤ A−CU † R +O( E ) where · was any Schatten p-norm. Corollary 5.9 thus implies that with high probability, sampling noisy columns and rows of A according to their lengths yields A− C U † R = O( E ) with high probability (see [20] for more detailed estimates of the error in terms of E ).
Deterministic Sampling of Noisy Matrices
. Proposition 4.1 shows that the DEIM algorithm recovers a low-rank matrix exactly. Here, we will analyze the stability of DEIM in the vein of the previous subsection and give a quantitative relationship between the underlying low-rank matrix and the noise. 
STABILITY BASED ON LEVERAGE SCORES
The previous sections gave a notion of stability of column and row sampling methods in which stability was with respect to the column and row norms. Here, we show that stability in terms of leverage scores may also be obtained. We note that these notions of stability appear to not follow from one another, but rather from quite different techniques, and so we present both notions here and leave it to the reader to choose the appropriate result for their purposes.
A strong notion of stability comes from the following theorem of Yang et. al. [33] . To state their result, we need the following quantity:
The following is a special case of [33, Theorem 1]. Theorem 6.1. Let A ∈ K m×n have rank k, δ ∈ (0, 1), and suppose C ∈ K m× is a column submatrix whose columns are sampled from [n] independently with replacement according to probabilities p. Then with probability
Of course one may obtain a guarantee that A = CU † R via the obvious method as was done above. Now we may deduce stability of CUR decompositions from leverage score sampling as follows. Corollary 6.2. Suppose A ∈ K m×n has rank k. Let δ ∈ (0, 1), and suppose that there exists
If C ∈ K m× 1 is a column submatrix of A whose columns are sampled from [n] independently with replacement according to probabilities p, and R ∈ K 2 ×n is a row submatrix of A whose rows are sampled from [m] independently with replacement according to q, then with probability at least
Proof. The assumption on the probability distributions ensures that c( p) ≤ β −1 1 , and similarly for the row sampling distribution. Thus the probability of success of column sampling is at least 1−e − 1 δ −2k exp − β 1 8kc( p) , and a similar change of success for row sampling. The choice of 1 , 2 ensures that these success probabilities are each at least 1 − 2e − 1 δ , which implies the result.
Note that one can easily state a result similar to Corollary 6.2 under the assumption that p j , q i ≥ β > 0 as was mentioned in Remark 5.5. The terms β 1 , β 2 will then be related to the Leverage Scores of A. Additionally, the analysis of [33] is stronger than that used for proving stability in terms of column and row lengths, and admits a better sampling order for the latter probabilities in some cases. Indeed, we have the following. Proof. Similar to the proof of Lemma 5.7, we have that A(:, j ) 2
Corollary 6.4. Suppose A ∈ K m×n has rank k and stable rank r , and let δ ∈ (0, 1). Then sampling 8r κ(A) 2 (log(2k)+ 1 δ ) columns and rows independently with replacement according to p col j and q row i , respectively, yields A = CU † R with probability at least
Proof. Use the conclusion of Lemma 6.3 in Corollary 6.2.
Note that the sampling order given by Corollary 6.4 is typically better than that of Theorem 4.2 (cf. Remark 5.2).
SAMPLING GUARANTEES FOR SUBSPACE CLUSTERING
Here we give an application of the sampling methods described in the previous subsections to the Subspace Clustering Problem [31] . In many applications, including motion segmentation [7] , facial recognition [3] , and cryo-electron microscopy [18] , data is wellmodeled to lie on or near a union of low-dimensional subspaces in the ambient space.
That is, given data A ∈ K m×n consists of columns that lie in U = i =1 S i where each S i is an affine subspace of K m . The goal is to cluster data according to the subspaces, i.e., to find an assignment function
Assuming enough data from each subspace is contained in A to uniquely determine the subspace, the assignment function then allows one to obtain a basis for each subspace from the partition by, e.g., Principal Component Analysis.
Matrix factorization methods have been used to good effect in solving the Subspace Clustering Problem [1, 2, 7] as have associated low-rank based optimization methods [13, 22] . In particular, it is known that under certain subspace configurations, the truncated SVD, any basis factorization with basis vectors coming from the subspaces S i , and CUR decompositions can all be used to give a valid clustering of the data. For a longer discussion, the reader may consult [1] . Here we illustrate how random sampling may be used to guarantee a CUR-based solution to the subspace clustering problem.
To state our results, let us start with some definitions. First of all, without loss of generality, we may assume the subspaces are linear (given affine subspaces of K m , one may consider the linear subspaces of K m+1 spanned by the elements of S i in homogeneous coordinates). A collection B of points in a subspace of dimension d are called generic provided any collection of d points from B are linearly independent. A collection of subspaces {S 1 , . . . , S } of K n is said to be independent provided dim( i =1 S i ) = i =1 dim(S i ) ≤ n. Given a collection of data A from U = i =1 S i , a matrix W is called a clustering matrix if W i , j = 0 if and only if a i and a j are in the same subspace. Finally, by |A|, we mean the matrix whose entries are the absolute values of the entries of A. The main theorem of [1] is the following, which states that any valid CUR decomposition of subspace data under certain assumptions gives rise to a clustering matrix for the data. 
SUMMARY OF COMPLEXITIES
Having discussed several deterministic and randomized column sampling schemes, it is pertinent to illustrate the advantages and drawbacks of each method. The following table shows sampling complexities (i.e., how many columns and rows must be sampled) as well as the overall algorithmic complexity which takes into account the cost of forming the probability distributions but does not account for forming the matrix U † or for the multiplication CU † R since this is the same over all of the results above. (SVD(A, k) ) [ Note that the asymptotic complexity for SVD(A, k) and RRQR(A) are both O(mnk).
PROOF OF THEOREM 4.2
To supply the proof, we first need some simple lemmas including the following that is derived from the proof of [27, Theorem 1.1] . In what follows, by rescaled rows of A, we mean that a row inR in subsequent results corresponds to a row ofÂ, whose i -th row is (ii) For every t ∈ (0, 1),
> t ≤ 2 exp(−c t 2 /a 2 ).
Note that Theorem 10.2 was proved in [27] for K = R, but the proof is valid without change for complex vectors, which we need for our application [26] . This quantity is thus bounded by 1 provided ε 2 δ 2 < α. In this event, Theorem 10.2 (i i ) implies that if t = ε 2 2 , then A * A −Â * Â 2 ≤ ε 2 2 with probability at least 1 − 2 exp(− cα 2 δ ). Note also that by the assumption on ε, δ, and α, we have α 2 δ > ε 4 4 , whence the given event holds with probability at least 1−2 exp(−cε 4 ). Proof of Theorem 5.1. The proof is the same as that of Theorem 4.2 mutatis mudandis, where one applies Theorem 10.1 rather than Theorem 9.1 to conclude that C and R have rank k.
